Introduction
Let K be a eld. By the Lagrange interpolation formula, we may nd a polynomial with coe cients in K; which assigns arbitrary values to a given nite set of distinct elements of K: Note that the same is not true for polynomials with coe cients in the ring of integers: if f 2 Z X]; and if a and b are congruent modulo some integer n; then f(a) and f(b) must be congruent modulo n: However it is always possible to nd a polynomial in Q X] mapping Z into Z; that is, an integer-valued polynomial, assigning given values to a given ( nite) set of (distinct) arguments. Indeed, it is known that an integer-valued polynomial of degree d can be written as a sum f = P d n=0 a n ? X n , with coe cients a n in Z; of the interpolation polynomials Hence there is clearly an integer-valued polynomial of degree d assigning given values to the integers 0 to d (and, changing X to X ?a; to any set of d consecutive integers).
More generally, for a domain D with quotient eld K; it is easy to see (as we did above for Z) that, unless D is a eld, we cannot always assign arbitrary values to a nite set of distinct elements of D; using polynomials with coe cients in D: However, this may be possible with integer-valued polynomials on the domain D; that is, polynomials with coe cients in K As noted above, Z is an interpolation domain. That F q x] is also an interpolation domain follows from a result of Carlitz 4, Theorem 7 .1] together with Lagrange interpolation; a proof using an interpolation sequence that runs through F q x] bijectively has been given by Wagner 11] .
More generally, we could prove that a discrete rank-one valuation domain, with nite residue eld, is an interpolation domain, making use of a very well ordered and well distributed sequence (u n ) of D and a corresponding regular basis (f n ) of Int(D); where f n = Q n?1 k=0 X?u k un?u k 1, II. x2]. In this case one can also give a good estimate for the degree of interpolation polynomials, see 5] . If the discrete valuation domain is countable, the very well ordered and well distributed sequence can be chosen such as to enumerate the ring bijectively 6, Theorem 3], which makes the feasibility of interpolation for any nite set of arguments and values particularly evident. A di erent question is to identify those sets of arguments (a 1 ; : : : ; a n ) in a domain D (which may not be an interpolation domain), for which we can assign arbitrary values in D; using integer-valued polynomials. If D is a Krull domain, these are precisely those (a 1 ; : : : ; a n ) such that, for every height-one prime ideal p with in nite residue eld, we have a i 6 a j (mod p) for i 6 = j 5].
In this paper, our approach is quite di erent from the argument given above for Z (or more generally for a discrete valuation domain, using a very well ordered and well distributed sequence). We link interpolation with multiplicative properties of Int(D); in particular with its prime spectrum. Thus, we obtain a complete characterization in the Noetherian case, and in the case where D is a Pr ufer domain, as well as general necessary conditions which shed an entirely new light on this question.
In In a second section, we give some general properties of localization which lead, in the third section, to a characterization of the interpolation domains in the Noetherian case: a Noetherian domain is an interpolation domain, if and only if it is one-dimensional, with nite residue elds, and locally unibranched (we recall the de nition within the said section). In particular, we see that Dedekind domains with nite residue elds are interpolation domains, hence we recover and generalize the case of a discrete rank-one valuation domain.
In the fourth section, we prove a result of continuity, that we need later. It is known that, if a is an ideal of a Noetherian domain D; then each integer-valued polynomial f 2 Int(D) is uniformly continuous on D; in the a-adic topology. We generalize this property to the non-Noetherian case and, even more generally, to the ring Int(R; D) of integer-valued polynomials on a subring R of D: In the fth section, we prove some other necessary conditions for D to be an interpolation domain, which are automatically satis ed in the Noetherian case. The rst one follows immediately from uniform continuity: for each maximal ideal m of In Therefore a Noetherian local domain is an interpolation domain if and only if, either it is a eld, or it is one-dimensional, its residue eld is nite, and it is unibranched. From Proposition 2.2, we conclude in the global case with the following. Replacing f(X) by f(X + a) ? f(a), we may also assume that f(0) = 0; and we have to prove that f(x) 2 b h . Obviously, the property holds if n = 0; that is, if f is a constant. By induction, we assume it to be true for polynomials of degree d n ? 1: We consider a polynomial f of degree n; such that f(0) = 0 and an element x = ty where t 2 a h and y 2 a (n?1)h . We write Proof. The assertion is obvious for n = 0. By induction, we assume it to be true for polynomials of degree d n ? 1. As in the previous proof, we may assume that f is an integer-valued polynomial of degree n; such that f(0) = 0; and that Note that this condition is in fact automatically satis ed by Noetherian domains. On the other hand, together with Proposition 1.5, it leads to the following corollary.
Corollary 5.2. A valuation domain V is an interpolation domain if and only if V
is a rank-one discrete valuation domain with nite residue eld.
Next we show that interpolation domains satisfy a double boundedness condition which is also automatically satis ed by one-dimensional Noetherian domains. In fact, this condition is very similar to various conditions for the ring Int Proof. Suppose that either one of the sets E(x) of F (x) is not bounded. We may consider a sequence (m n ) of maximal ideals, all containing x; such that, for each n; either x 2 (m n ) n (if E(x) is not bounded), or jD=m n j n (if F (x) is not bounded).
In any case, we de ne an ideal q of D by q = fa 2 D j 9N; 8n N; a 2 m n g: We conclude that the polynomial f e is the polynomial we are looking for. 
